We study theoretically the spin transfer effect on a domain wall in disordered weak ferromagnets.
The spin-transfer effect has been intensively studied recently as a novel efficient magnetization switching mechanism without magnetic field. The effect arises from the transfer of the spin angular momentum between the conduction electron and the localized spins (magnetization), as first pointed out by Berger in the case of domain wall [1] . In conventional 3d ferromagnets, domain walls are thick (with thickness λ ∼ 100nm) and the coupling between the electron spin and the localized spin (s-d type interaction) is strong. This is the adiabatic regime where the electron spin can follow the localized spin texture when traversing the domain wall. In the ballistic case, the adiabatic condition is given by [2] 
where λ is the wall thickness, v F is the Fermi velocity and ∆ sd is the spin splitting of the conduction electron. In this limit, the motion of the wall under current is dominated by the spin-transfer effect and the efficiency is governed by the angular momentum conservation law [1] . The microscopic justification for the series of pionnering works by Berger [1, 3] was done in Refs. [4, 5] .
The effect of spin-relaxation, which acts as an effective non-adiabaticity, was studied by
Zhang and Li and Thiaville et al. [6, 7] and was shown to significantly affect the currentdriven wall motion close to the adiabatic limit. The effect of non-adiabaticity (electron reflection by the wall) studied by Berger [3] and one of the present authors [4] was then identified as another crucial factor even in the case close to the adiabatic limit.
While diffusive electron transport has been considered in the context of domain wall resistance [8, 9] and tunnel junctions [10] , only ballistic case has been considered in discussing the spin-transfer torque. The reason would be that normal (spin-conserving) impurity scattering has been believed not to affect the spin transfer processes. In contrast, spin relaxation due to the spin-dependent impurity scattering and the spin-orbit interaction was shown to
give rise to the effective force (called β term) and thus modifies the domain wall motion greatly [11, 12, 13] .
The aim of the present paper is to investigate the effect of normal impurities on the spin transfer effects, including the diffusion ladder. We demonstrate that the diffusive electron motion results in the modification of the adiabatic condition to be
where D = 2 k F 2 3m 2 τ is the diffusion constant with k F , m and τ being the Fermi energy, electron mass and elastic lifetime, respectively. Here, λ D is the distance that a electron can reach diffusively within a time of spin precession caused by the s-d interaction, ∆ sd . Therefore if disordered adiabatic condition is satisfied, the electron spin can follow the localized spin profile while going through the wall if λ ≫ λ D (Fig. 1) . As a result, even in a weak ferromagnets with ∆ sd ≪ ǫ F (ǫ F is the Fermi energy), perfect spin transfer effect is realized if the system is disordered. The adiabatic condition (2) was already pointed out in Ref. [5] , but the effect of diffusion ladder was not discussed there since only the strong spin splitting case was considered there.
The Lagrangian we consider is given by [5] 
where n(x) represents the direction of the lozalized spin. In this paper, we consider the case of a planar wall, given by n z (x) = tanh
, where z is the direction perpendicular to the wall plane and φ is a constant representing the angle out of the easy plane. Scattering by normal impurities is described by H imp . Treating the impurity potential as an on-site type, it is given by
where v imp represents the strength of the impurity potential, R i represents the position of random impurities, N imp is the number of impurities, and N ≡ V /a 3 is number of sites. To estimate physical quantities, we take the random average over impurity positions. The selfenergy type processes due to the impurity scattering results in the electron Green's function
, where the inverse lifetime is given as
Here ν is the density of states per site at the Fermi level and
is the impurity concentration. In this paper, we consider a weak ferromagnet and thus neglect the spindependence of ν and τ .
The force and torque due to applied current are given as [5] 
where s is the electron spin density induced by the current and domain wall.
The calculation of the elecron spin density is carried out by use of the spin gauge transformation, a ≡ Uc, where U is a 2 × 2 unitary matrix and a is the electron operator in the gauge transformed frame. The marix U is chosen to diagonalize the s-d type interaction
) (θ and φ are the polar coordinates of the localized spin direction, n). This approach is justified if the adiabatic condition (2) holds [5] .
The spin-transfer torque and the force acting on a planar wall (with the wall plane perpendicular to the direction z) is expressed by the transverse spin densities, s θ ≡ s · e θ and s φ ≡ s · e φ (e θ ≡ (sin θ cos φ, sin θ sin φ, cos θ) and e φ ≡ (− sin φ, cos φ, 0)) as
Each component is expressed as
wheres
are the spin densities in the gauge-transformed frame, calculate by the standard diagramatical expansion.
The spin density induced by the applied electric field E was calculated in Ref. [5] without including the vertex correction. The result (denoted bys ± (1) ) is
where a 3 is the unit volume and
where N ≡ V /a 3 is the number of sites and g r k,∓ are the Green's function at zero frequency. Here A ± µ is the gauge field (µ and ± are the spatial and spin index, respectively). (Diagrams are shown in Fig. 2 (a) ). In the adiabatic limit, k F λ ≫ 1 and thus I ± ij (q) can be approximated by the value at q = 0, i.e., I ± ij (0), since the transfer of the linear momentum between the gauge field and the electron can be neglected.
The aim of the present paper is to evaluate the vertex corrections, diagramatically shown in Fig. 2 (b) , which were not addressed to in Ref. [5] . The vertex correction contribution to the spin density is easily calculated as
where
Here
is written also as
It was noted in Ref. [5] thats ±(V ) is negligiblly small in ballistic 3d ferromagnets, due to the strong spin splitting, ∆ sd τ / ≫ 1. This fact is easily checked by noting that
this limit, and thus Γ ± ≪ 1.
In this paper, we are considering the opposite limit, ∆ sd τ / ≪ 1, namely, a dirty weak
ferromagnet. We now demonstrate that the spin-transfer effect exists even in this case.
Mathematically, the dominant spin-transfer effect in this limit is included in the vertex correction,s ±(V ) . Expanding eq. (16) with respect to q and ∆ sd τ / ≪ 1, we obtain
The summation in Eq. (14) is then carried out as
Therefore the total spin density including the vertex correction,s ± ≡s ±(1) +s ±(V ) , is obtained by use of Eqs. (11)(13)(18) as
The last factor describes the long-range correlation of the torque induced by the diffusive electron motion. I ± ij (q) in the limit of ∆ sd τ / ≪ 1 is calculated as
where we have neglected the contribution containing higher order of q and ∆ sd τ . The expression for the gauge field in the case of a planar wall is given as [5] A
where q represents the momentum transfer in the direction z and q ⊥ represents that in the transverse direction and L is the system length. From Eqs. (9)(19)(20)(21), the result of the spin polarization is obtained as
where j ≡ (e 2 nτ /m)E is the current density. The final result of the torque and the force then becomes (using z ≡
We are interested in the adiabatic limit, λ ≫ λ D , and the integrals are estimated in this limit as
The torque and the force in the disordered adiabatic limit is finally obtained as
What is significant is that the result of the torque indicates that the transfer of the spin angular momentum is essentially 100% in the disordered adiabatic limit. In fact, if we define the spin polarization in the disordered case as
we see that the torque is simply given as
In the ballistic adiabatic limit, on the other hand, we know that the spin-transfer torque is given by τ = I e P , where the polarization is defined as P ≡ n + −n − n + +n − (n ± is the density of the electron with spin ±) [5] . Since P D ∼ P in most cases, we see that Eq. (31) indicates that the perfect spin transfer occurs even in the disordered weak ferromagnets as long as the disordered adiabatic condition λ ≫ λ D is satisified. One should note that the actual magnitude of the spin transfered in a weak ferromagnet is small, proportional to the small polarization factor, P D . Nevertheless, the efficienty of the wall motion is as high as in strongly polarized ferromagnets, as we will demonstrate below.
The force on domain wall can be measured by a dimensionless parameter β defined as
, where S is the magnitude of localized spin. From Eq. (29), the parameter β arising from the difussive electron motion is given by
We see here that
2 is a measure of the non-adiabaticity. If P D ∼ 0.1 and λ D /λ ∼ 0.2 with S ∼ 1, we obtain β = 0.02, which is sufficiently large to improve the wall motion greatly [5, 7] .
Let us study the wall dynamics in the present diffusive regime. We neglect the extrinsic pinning. The equation of motion of a planar wall is given by [5] 
is a critical velocity corresponding to the hard axis anisotropy energy K ⊥ .
From Eq. (33), we immediately notice that the intrinsic threshold, given as . We also see that the wall motion is governed by the parameter β and not much by the polarization P D in the present diffusive regime. Therefore, strogly polarized ferromagnet is not the necessary condition for efficient domain wall motion, but disordered weak ferromagnet is another option as promising as strong ferromagnets. To conclude, we have derived the adiabatic condition for the spin transfer effect in disordered weak ferromagnets (Eq. (2)), and showed that the perfect spin transfer effect occurs if that condition is fullfilled even in the case of weak s-d type coupling. We have also derived the force acting on the wall in the diffusive limit and estimated the corresponding β, which turned out to govern the wall motion in the diffusive weak ferromagnets. By solving the equation of motion of a planar wall under current, we found that wall motion as efficient as strong ferromagnets can be realized in the present system, due to a large value of force or
